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1 Introduction

In 1977, G. Plotkin pointed out the problem of finding a fully abstract model
for the sequential programming language PCF [16], which had been originally
developed by D. Scott [19]. This question turned out to be one of the most
enduring problems of semantics. A very nice description of the different ap-
proaches to this subject with many references can be found in [5]. In this
rather brief overview, we mainly focus on those articles which are related to
the work in this paper.

The first fully abstract model for PCF was presented by R. Milner [11].
However, it was purely syntactic and did not provide a semantic description
of sequentiality. In 1992, K. Sieber presented a syntax free characterisation of
sequentiality for types up to order two and proved a full abstraction result for
PCF types up to order three [20]. Two years later, P. O’Hearn and J. Riecke
used Sieber’s technique and gave the first domain theoretic description of a
fully abstract model for PCF [14] by applying the concept of Kripke relations
[6]. A different concept was used by several research groups elaborating fully
abstract models for PCF by using game semantics, see [2/4/13]. G. McCusker
extended this approach to sum types and recursive types [10]. The domain
theoretic approach was refined by J. Riecke and A. Sandholm who modified
the O’Hearn/Riecke model and presented a fully abstract model for FPC, an
extension of call-by-value PCF with sum types and recursive types [18].

After an introduction to some domain theoretic concepts and notations
(Section 2) we construct a cartesian closed category SD of domains to capture
the concept of sequentiality (Section 3). This category is cartesian closed, be-
sides, it has smash products making the subcategory SD, with strict functions

* This paper is an extended abstract of a major part of my PhD thesis. It contains all
important results of a technical report that I wrote during a one year stay at the University
of Birmingham, however, most of the proofs and many details are omitted. For a more
detailed version please look at [§].
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symmetric monoidal closed. By specifying the class of SSB-objects we get a
semantic characterisation of those objects which are possible denotations of
computational types of a programming language, i.e. types for which the con-
vergence problem is sequentially semidecidable. We discuss several properties
of SD and show how to construct SD, from the subcategory of its SSB-objects.

In Section 4, we have a look at the sequential language SFL, a PCF-like
language with a host of important data type constructors (two forms of sums
and products, lifting, strict and ordinary function spaces and recursive types).
It is universal in the sense that it is close to the mathematical structure of
domains, and, hence, can be used as a metalanguage for (non-polymorphic)
sequential programming languages. Besides, SFL is powerful enough to deal
with call-by-value evaluation strategies as well as with call-by-name strategies.

Finally, we prove that SD contains a fully abstract model for SFL.

On the one hand, the category SD is a well-pointed, cpo-enriched, cartesian
closed category where various domain theoretic constructions exist and satisfy
the universal properties as exhibited in [17]. In this sense, it is a category of
domains, and, as DOM, provides a domain theoretic framework for describing
semantics of computation. On the other hand, SD can be used as a framework
for a fully abstract model for sequential programming languages like PCF
or FPC. Other domain theoretic models for languages with sum types are
either not fully abstract (as the Scott model) or not based on a cartesian
closed category (as the Riecke/Sandholm model). Both of these models live
as subcategories in SD.

The language SFL is more expressive than PCF and FPC. As for PCF,
the operational semantics is based on observational equivalence which means
that, for example, the terms Ax.€2 and €2 cannot operationally be distinguished.
This has the advantage that SFL gives a syntactic framework to reason about
objects like the function space [(N1)” — N_] (where N denotes the flat do-
main of natural numbers). This is neither possible in a call-by-value language
where function types are denotated by the lifting of the space of strict func-
tions ([o — 7] = [[o] o— [7]] ) nor in a lazy call-by-name language where
the denotation of function types is the lifting of the space of total functions
([oe — 7] = [[o] — [7]] | )- Besides, the n-rule in those languages usually fails
which is not the case in SFL. Moreover, since the operational semantics of
SFL is close to domain theoretic structures, it is universal in the sense that it
can be used as a metalanguage for the semantics of other (non-polymorphic)
sequential languages.

In contrast to the game-theoretic account of full abstraction, the present
relational approach to full abstraction avoids the intermediate step of an in-
tensional fully abstract model (where by the extensional collapse intensional
objects may get identified but never will be excluded). Instead, a sufficient
collection of relational constraints is identified whose preservation (together
with continuity) characterises sequential functions. In other words, the rela-
tional account of full abstraction identifies (relational) invariants of sequential
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computation and is purely extensional in the sense that it avoids factorisation
of an intermediary intensional model. This can be considered as an advantage
from the point of view of an extensional theory of computation as any refer-
ence to operational notions is avoided. Accordingly, the relational approach
is complementary to the game-theoretic approach as the latter analyses the
phenomenon of sequentiality from an operational point of view in a way in
which most structural requirements of domain theory are fulfilled with the
notable exception of (order) extensionality.

2 Fundamental domain theoretic concepts and nota-
tions

This section gives a short summary of the domain theory used in this paper.
More details can be found, for instance, in [1] or [17].

A domain A is a partially ordered set that is closed under directed suprema
and has a least element | 4. A function f: A — B is called continuous if it is
monotone and preserves directed suprema. We write f: A o— B to indicate
that a function is strict, i.e. it maps L 4 to Lg. The domain of all continuous
functions between two domains A and B with the pointwise order is denoted
by [A — BJ, the domain of all strict continuous functions by [A o— B]. We
write DOM for the category of domains with continuous functions and DOM;
for the subcategory with strict continuous functions.

If f is a function from a set w to a domain A and if v is a subset of w,
then the function f [ v: w — A is defined as (f [ v)(z) = f(z) if 2 € v and
(f Tv)(x) = L4 otherwise. We use “x:A.e[z]| (where e[x] is an expression that
may contain z) for abstraction on the meta-level.

For a domain A, A, := {upya|a € A} U{L,, } with the induced order
denotes the lifting of A; the maps up,: A — A, and downy: A; o— A are
defined as down 4 (up4 ) = z and downs (L4, ) = L 4. We often omit the index
when it is clear from the context and we write 2 := 1, as an abbreviation for
the domain with two elements (Sierpirnski domain).

The category DOM contains two different kinds of sums. Firstly, the sep-
arated sum X! (A; = Ay + -+ -+ A, of domains A, ..., A, is given by the set
{injali=1,...,n}U{Lsr 4}, the order being defined as a Esn 4, b if, and
only if, a = Lyn a, 0r Ji=1,...,n. a=in;a1, b=in;az and a; E4, az hold.
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It satisfies the following universal property:

That means that, for each n morphisms f;: A; — C (i = 1,...,n), there
is exactly one strict morphism [fi,..., fn]: ¥j-;A; — C such that the dia-
gram commutes. (Note that there may be several non-strict maps making the
diagram commute.)

The coalesced sum A @ B of domains A, B is the quotient of A+ B where
iny L4, iny L g and 1 4 p are identified. The elements of A® B are denoted by
inl a, inrb and Lagp (a € A, b € B). Since the coalesced sum is associative, one
can easily construct all finitary coalesced from binary ones. Coalesced sums
satisfy a universal property, too, they are categorical sums in the subcategory

DOM, of DOM:

inr

A B
g

In this diagram, the strictness of f and g is crucial. Otherwise, the mediating
morphism

R f(a) ifx:iﬁla#L

does not necessarily make the diagram commute. As a consequence, the con-
structor @ is not a functor on DOM. For example,

("2:2. T2 0 "2:2.13) @ (idg 0idg) = ((“2:2.T2) @ ida)
4
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maps inl Ty to inl Ty whereas
((U:L’2T2)@|d2) 9 ((”$2J_2)69|d2)(|n| T2) = ((“x2T2)EB|d2) (J_z@g) = J_2@2

holds. Nevertheless, @ is functorial on the subcategory DOM, .

The smash product (also called tensor product) A ®@ B of domains A, B
is the subset of those elements (a,b) € A x B that satisfy the condition
a= 1, < b= 1Lg. The quotienting map is given by smash: Ax B —- A® B
which maps (a,b) € A x B to (a,b) € (A® B) where a = Ly or b= 1p
already implies (a,b) = Lagp. Note that the projections pr;: A® B o— A
and pry: A® B o— B exist in DOM.

Similar to coalesced sums the constructors ® and o— are not functorial on
DOM, however, they are functors on the subcategory DOM, .

3 The category SD

In the original Scott model there are continuous functions which are not de-
finable in a sequential functional programming language like PCF. In the
category presented in this paper this is not possible. The approach here is to
require the morphisms to conserve a special kind of relations. This concept
goes back to previous works ([14/18]), however, the model here can be used
for a wider variety of languages, and, from a categorical point, satisfies more
desirable properties.

We first need a preliminary definition which is a simplification of Riecke’s
and Sandholm’s concept of computational theories [18]. Condition (P3) does
not occur in their approach, but it is needed to deal with liftings.

Definition 3.1 Let w (for world) be a finite set. We call a partition on a
subset of w a partial partition on w. A set of partial partitions S on w is
called a sequentiality system on w if it is closed under the following closure
conditions:

(P1) {w} €S,
(P2) if {v1,...,vp_1,v,} € S then {vy,...,v,1} € S (Dropping),
(P3) if {vi,...,vp_1,v,} € S then {vy,...,v,_1 Uv,} € S (Joining),
(P4) if {vi,...,vp_1, 00}, {wsy,...,w,} €8
then {vy, ..., v, JU{v,Nw; |1 =1,...,m, v,Nw; # @} € S (Refinement).

It happens very often that one of the constructed sets of a partial partition

turns out to be empty. To avoid notational hassle, we allow {vy,...,v,, I}
as a notion for the partial partition {vy,...,v,}. For instance, the last set in
condition (P4) can be rewritten as {vy,..., v, fU{v, Nw; |i=1,...,m}.

Sequentiality systems capture the concept of sequentiality in an abstract
way: a system of partial partitions for which it is sequentially semidecidable
to which class of a partition a given element belongs does necessarily satisfy
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conditions (P1) — (P4).

A sequentiality system S on w can also be presented by a family (.S,)en
of nonempty sets of functions ¢: w — 7, (where 7, stands for the flat do-
main with n maximal elements 1,...,n and a least element 1) naming the
equivalence classes of a partial partition in S. Such a family (S,,)nen is called
sequential function system on w if it satisfies the following conditions:

(S1) ¢: w —Tn, € S,, p: My — My monotone = oy € Sy,
(S2) ¢ € So, Y1 € Spy, Y2 € Spy = 0w — (My +my)| € Siyytm,, Where 0
¥ (x) if o) = 1
is defined as 6(z) = ¢ my + Po(x) if p(x) =2 .
1 if p(z) =1L

It can be proved that both definitions are equivalent in the sense that
there is a one-to-one-correspondence between sequentiality systems on w and
sequential function systems on w.

Although the first description is more abstract and might look more sug-
gestive from a mathematical point of view, it is sometimes more convenient to
use the latter one. In particular, by using the second definition one can easily
show that every C-indexed family of intersections of relations

w

Ry ., = {gp: w— T, | (Elxevl. o(x) # J_) or Va,y€vy. p(x) = go(y)},

(v1 € ve € w) as originally defined by Kurt Sieber [20] fits in this more
general approach, i.e. it satisfies conditions (S1) and (S2). The only con-
straint to Sieber’s original definition is the finiteness of the codomain of the
elements : Sieber uses N and we restrict ourselves to finite approximations

n,. This does not affect the standard proof of por not being a morphism:
(1, L, 1), (L1, 1) € S := RE5% o) holds, but por((1, L, 1), (L, 1, 1)) =
(1,1, 1) is not related by Ss.

In order to deal with function types we need families of sequentiality sys-
tems over different sets w that are stable under re-indexing. This idea goes
back to A. Jung and J. Tiuryn [6] who introduced Kripke relations with vary-
ing arity in order to characterise definability for the simply typed A-calculus.
The approach here is to define an index category SPIC (for sequentiality
partition index category) whose objects w = (w, S) consist of a finite sub-
set w C N and a sequentiality system S on w. A morphism in SPIC is a
function u: (v, SY) — (w,SY) which is stable under re-indexing, i.e. it satis-
fies the Kripke monotonicity condition:

{vg,...,vn1 €8 = {utv),...,p vy} €8

(analogously, ¢ € SY, = @ouecS, forsequential function systems).

The concept of sequentiality systems induces an extension to logical rela-
tions on arbitrary domains. We write a |w|-ary relation on a domain A as a
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function f: w — A where f(z) gives the z-th component of the corresponding
tuple.

Definition 3.2 Let A be a domain and w = (w, S) be an object in SPIC.
A |wl|-ary relation R on A is called w-logical relation on A if it satisfies the
following conditions:

(R1) R is closed under directed suprema (Admissibility),
(R2) Ya€A. "zw.a € R (Reflexivity),
(R3) f € R, {vieS = flve R (Restriction),

(R4) {vi,...,u.} €S, flv;, € R(fori=1,....,n) = f](vyU---Uv,) € R
(Gluing).

The extension to Kripke relations is the following:

Definition 3.3 Let C be a subcategory of SPIC. A family R = (R")wcobj(c)
of w-logical relations on a domain A is called C-Kripke logical relation on A if
it is C-Kripke monotone:

fERW,u:vgw = foueR.

If C is a subcategory of SPIC and A a domain, then the set R of all
C-Kripke logical relations on A forms a closure system.
The category SD (for sequentiality domains) can now be defined as follows:

Objects: Objects consist of a domain A and a family Q of C-Kripke logical
relations ()¢ on A where C ranges over all subcategories of SPIC.

Morphisms: A morphism f: (A, Q) — (B, R) is a continuous function which
is uniform, i.e. it satisfies the condition

geQr = fogeRy

for all subcategories C of SPIC and all objects w € Obj(C).

As claimed in the following theorem, this category is closed under the usual
domain theoretic closure properties, i.e. it is cartesian closed and contains the
different kinds of products, sums and functions satisfying the universal domain
theoretic properties as exhibited in [17]. Hence, it can be described by a
language similar to the simply typed A-calculus whose operational semantics is
defined in accordance with domain theoretic structures. For instance, product
types are interpreted as cartesian products rather than by smash products (like
in call-by-value languages) or by lifted cartesian products (like in lazy call-by-
name languages). Such a language will be examined in the next section.

Theorem 3.4 The category SD is cpo-enriched, well-pointed and cartesian
closed. It contains smash products, liftings, separated sums and coalesced
sums satisfying the universal properties as explained in the previous section.
Moreover, the smash products make the subcategory SD, with strict functions
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symmetric monoidal closed. If Qc, Re and (Q;)c are C-Kripke relations on the
domains A, B and A;, respectively, the relations on the constructions A x B,
A® B etc. are defined as

1Y = {"zw. T},

(Qx R)g :={{g,h): w— AXB|geQhe R},

(Q®R)C = cIW({( yh):w—ARB|geQf,he Rév}),

QU ={fw— A |{{zew]|f(x)e A}} €S, downo f € Q¢},

(2

162 = {f:w— T4 | Fpes, Ige(Qu)y.

_Jinjogi(x) if pr =i
f(x)_{J_ ifgpx:J_}’

Q@ R)Y = {f | 3p€S,.3geQY . IheRY.

inlogla) if pla) = 1
f(@)={incoh(x) ifp(r)=2 },
1 if pz) = L
Q@ — Rl ={fw— [A—>B] | Vi V—>WVg€QC
w.(f(pe)) (92) € R},
[Qo— RJ¥ :={f: w— [Ao— B]|Yu: vgw.VgeQé.
“ww.(f(ur))(g7) € Re}

for every subcategory C of the index category SPIC and every object w =
(w, S) € Obj(C) where cl"(R) is the least |w|-ary admissible relation containing
R. (We write 1 for the singleton domain as well as for the family of its
Kripke relations.) This implies that the relations on 2 := 1, are given by
20 =(1,)¢ = 5.

As in DOM, coalesced sum, smash product and strict function space con-
structors are not functors on SD, but they are functorial on the subcategory
SD, . Moreover, since all embeddings and projections that occur in the con-
struction of bilimits in DOM, are uniform (and therefore morphisms in SD, ),
infinite constructions work on SD, in the same way as they do on DOM,.
This allows to interpret recursive types as bilimits of expanding sequences in
SD.

For some objects in SD the question of whether an arbitrary element is
not the bottom element is sequentially semidecidable. This is formalised in
the following definition:

Definition 3.5 An object (A4, Q) in SD is called SSB-object (for sequentially
separable bottom) if there is a morphism x4: (A, Q) — (2,2) in SD such that
xa(a) = L holds if, and only if, @ = L holds. The full subcategory of all
SSB-objects in SD is called SSB.

The question arises what objects in SD are SSB-objects. The following
lemma shows which constructors preserve the SSB property:
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Proposition 3.6 (i) If (A, Q) is an arbitrary object, then (A, Q,) is an

SSB-object.

(ii) If (A, Q) and (B,R) are SSB-objects, then so are (A ® B,Q ® R) and
(A® B, Q@ R).

(ili) If (A1, @1),...,(A Q,) are arbitrary objects, then (X7 A;, X7 1 Q;) is an
SSB-object.

Note that the cartesian product of SSB-objects does not necessarily satisfy
the SSB property. For example, (2 x 2,2 x 2) is not an SSB-object. This can
be shown by using Sieber’s relation from page 6 again: the triples (Ta, La, 12)

and (La, To, Lo) are related by Sy := Rﬁﬁﬁl,z,ap but

(X2x2(T2, L2), x2x2(La, T2), Xaxa(dL2, L2)) = (T2, T2, La)

is not. Hence, yax2 is not a morphism in SD, and, therefore, (2 x 2,2 X 2) is
not an SSB-object.

SSB-objects play an important role in SD. For instance, the construction
of smash products on SSB-objects does not require the closure operator as for
arbitrary objects:

Proposition 3.7 Let (A, Q),(B,R) be SSB-objects and C be a subcategory
of SPIC. Then the relations on the smash product of (A, Q) and (B,R) are
given by:

(Q®R)e ={(g,h): w—A@B|geQ¢ he R},
for every object w = (w, S) in C.

This proposition does not hold if we omit the SSB property. A modification
of an example in [I5] can be used as an example where the conclusion of
Proposition 3.7 is wrong for non-SSB-objects. Besides, smash products on
SSB-objects have projections pry: (A® B,Q®R) — (A, Q) and pry: (A ®
B, Q®R) — (B, R) which is not the case for non-SSB-objects.

Furthermore, SSB-objects can also be used to make the relation between
the model of Riecke/Sandholm and the category SD explicit: the subcategory
SSB, of SSB-objects with strict functions is equivalent to the category that
J. Riecke and A. Sandholm used as a fully abstract model for FPC in [18]. In
other words, the category SD contains a subcategory that is a fully abstract
model for FPC.

Finally, the category SD, can be constructed from its SSB-objects. As
Alex Simpson pointed out, it is the Eilenberg-Moore category of algebras in
SSByot (where SSB,,, is the category of SSB-objects with strict, total functions,
i.e. strict functions reflecting the bottom element) with respect to the lifting
monad.
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4 The language SFL

In this section we discuss the language SFL (for sequential functional language)
which can be considered as a universal metalanguage for sequential computa-
tions. The requirement of sequentiality makes it impossible to define all type
constructors in the usual way without any constraints. For instance, a sequen-
tial evaluation of a case-term for a coalesced sum type requires a sequential
strategy giving a result if a given input term terminates.

The approach in this paper to deal with this problem is to use two dif-
ferent kinds of SFL types. A similar approach was studied by A. Meyer and
S. Cosmadakis in [9], although they do not deal with smash products. Arbi-
trary types are denoted by the letters 7, 71, 79, . ... Types whose termination is
sequentially semidecidable are called computational types or SSB-types, they
are denoted by o,01,09,.... It turns out that those types are interpreted as
SSB-objects in SD. The grammar for the types is given by

o = a|lT|o®o|X T|o®o | paoc
T = o|TXT|T—>T|00o=>T|par

where « ranges over the set of all type variables. SFL terms are given by the
grammar
M= x| (M,M) | pry M | pra M | (M, M) | pry M | pra M | in;"™M |
case™ " Mof injz = M,..., M |inl M |inr’ M |
case””"Mofinlr = M;inrx = M | upM | downM | \z:7.M |
MM | Xz:o.M | M™M | fold"*" M | unfold"*™ M
where x ranges over the set of all variables. Type annotations are often omitted
when they are clear from the context. Terms corresponding to types with
circled connectives have tildes, they are evaluated by a call-by-value strategy.
In the following typing rules we assume that all occurring types are closed.

et a7

' M:n ' N:m ' M:m Xm ' M:m Xm
'E(M,N): 1 X1y I' - priM 7y I' - praoM : 7y

' M:o; ' N:oy ' M:o01® 09 ' M:o0® o0,

' (M,N):01® o9 ' pri M : oy I'F praM: o,
'-M:n r-M™M:z,
U'Ein ™M 30 7 I'Fin™M X0 7

10
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' M:¥" |7 e B M7 aerm, B M, : T
I' - case™ ™" Mof in;x = My,..., M, : 1
' M:o ' M: oy
T Finl M- o1 @ o9 T Finr M : o1 @D o9

' M:o® oy I'Nzioy B My 7T I'xzioo b My : 7T

I' + case’"” " Mof inlz = M;;inrz = My : 7
Fiorm B M7 'EM:m —m7 I'EN:n
I o.M 1 — 1 ' MN :m
I'Nrxiob M:T '-M:0o0->71 I'N:o
L'k \tio Moot ' M N:T
'-M:71 '-M:7,
I'upM: 7, I' - downM : 7
' M: 7lpot/a I'= M: pa.r
I' - fold"*" M : po.t [' F unfold"*" M : t[pa.7/a]

As mentioned above, the type constructors x, > and — correspond to
call-by-name types, whereas terms of type @, ® and o— are evaluated by
a call-by-value strategy. Hence, SFL values for different kinds of types are
defined differently:

Vo= (M, M) | (V,V) | in; M | inlV | inrV | Az:v.M | Az:0.M | up M |
fold M

The evaluation strategy for SFL is given by:

(M, Ma) | (M, M)

M |} (M, My) My Vo M (M, My) My )V
pri M|V pro M ||V

My Vi My Ve MY (Vi,Va) MY (V1,Va)

11
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iny M | iny M in, M | in, M

M | in; N Mj[N/x] IV
case Mof in,z = My,.... M, ||V

(forall j=1,...,n)

MUV M UinlVy  M[Vi/z] Vs
inl M | inlV case M of inlz = M, ;inrz = M, | Vs

MUV MinrVi  My[Vi/] |V
int M | inrV  case Mof inlz = M, ;inrz = M, | Vi
M | \z:m. M’ M'[N/z] | V
Ax:m. M | Ae:r. M MN ||V

My dzr.M  NUV,  M[Vi/z] | Vs
. M [} o.M M™N |V,

M | up N N}V
up M |} up M down M || V

M{yfoldN NV

fold M | fold M unfold M || V

The syntax of SFL is powerful enough to express some more features that
we have not discussed, yet. Of course, we can define a type void := pa.a not
containing any value and a type unit := void,. Moreover, we can define a
fixed point combinator Y, of type (7 — 7) — 7 and an always diverging term
Q. :=Y,(Ax:7.x) for every SFL type 7. This enables us to define the type of
natural numbers, lists etc. We use * := up {yoiq as an abbreviation for the
(up to equivalence) only value of type unit.

Although the denotations [XI ,7;] and [(11)L @ -+ & (11).] as well as
[ — 7] and [(71)L o— 7] are isomorphic in SD (see next section), it is
not possible to define separated sum types and normal function types with
their corresponding terms from coalesced sum types, strict function types and
liftings, giving the same evaluation rules. For instance, if we set 7y — 7 1=
(11)L o= T2, Ax:T.M = Ayt .M[downz/x] and MN := M (upN), the
term (Az:7.upz)Q; of type 7, would evaluate to up (down (up(2,)) rather
than to up 2,. The same phenomenon occurs for terms of a separated sum
type defined by using coalesced sums types.

Defining the usual operational equivalence for SFL by convergence as for
FPC is meaningless, since e.g. (Qunit, Qunit) and Qunitxunit can be distin-
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guished by the trivial context ((Qunit, Qunit) I, but Qunitxunit ) (where M |}
indicates that there is a value V with M |} V') although both of them are
denotated by La.o, see next section. Therefore, we use an observational
equivalence similar to PCF":

Definition 4.1 Let M, N be closed SFL terms. We write M Cgpy, N if
C[M]J} implies C[N]{ for all contexts C[-] of type unit.

This entails that M Cgpy, N implies C[M] Cgpr, C[N] for every context
C'[-]. Note that any computational type would do in place of unit, giving an
equivalent definition.

The termination of terms of a computational type is operationally ob-
servable: if M is a closed term of type o, then the term (Az:o.%)” M : unit
terminates if, and only if, M does so as well. The assumption of o being com-
putational is crucial since such terms do not exist for non-computational types.
Therefore, because values of a smash product type are pairs of values in both
components, the request for a smash product type with non-computational
components has to be rejected. The usage of a type as a component of a
smash product type for which termination of its terms is not sequentially
semidecidable would contradict the spirit of a call-by-value evaluation strategy
in a sequential language in which both components are sequentially evaluated.
Similar considerations apply to coalesced sum types and strict function types.
More concretely, type constructions like 7@ o, 7 ® o or 7 o— 7’ (where 7 is
not a computational type) with the normal typing rules would allow to de-
fine closed terms case (1/51 M)of inlz = *;inrz = % (for coalesced sums),
pry (x, M) (for smash products) and (Az:7.x) "M (for strict functions) of type
unit that terminate if, and only if, M of type 7 does so as well. Since this
is generally not sequentially observable, those terms cannot exist in a purely
sequential language.

It is an interesting observation that the introduction of smash product
types for non-SSB-types does not work for operational reasons, whereas the
relations on smash products in the category SD cannot be defined directly
from the relation of its components.

The terms €, x-, and (Q.,Q.,) as well as Q,,_,, and A\z:71.Q),, are ob-
servationally equivalent in SFL which is not the case for call-by-value or lazy
call-by-name languages. As we will see later, this fits with the denotational
semantics of SFL in SD where the interpretations of € y,, and (Q,Q.,)
as well as the ones of 2., .., and \z:7.(2,, are equal. However, we can en-
code terms of other sequential languages in SFL, for example, call-by-value
abstraction and application refer to up (Az:0.M) and (down M)~ N whereas
the corresponding terms for a lazy call-by-name language are up (Az:7.M) and
(down M)N. The denotational semantics of those functions is the lifting of
the function spaces in SD (strict functions for call-by-value and normal ones
for call-by-name style). The advantage of the more general approach in this
paper is that the language SFL is close to the categorical meaning of products
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and functions.

The following axioms and rules define an equational theory on SFL. It
is implicitly assumed that all occurring terms are well-typed with respect to
their context. Let I' be a context with variables z4,...,x,.

b Fl_pI'l(Ml,MQ):MlIT,
Fl_pr2<M1,MQ>:M22T,

o if My[Ny/xq,..., Nyp/z,]d for all well-typed terms Ny, ..., N,
thenFl—f)\r/l(Ml,MQ) :Ml:a,

o if Mi[Ny/xq,..., Np/z,]d for all well-typed terms Ny, ..., N,
then I' '_f)\r;(Ml,MQ) = M2 .0,

e I'+ (case (in; M)of in;z = M, ..., M,) = M;[M/x]: 7
forall j =1,...,n,
o if Mi[Ny/xq,. .. ,/]\\/fn/xn]l} for all well-typed terms Ny,..., N,
then I' - (case (inl M;) of inlz = Ms;inrz = M;) = Mo[M /] : 7,
o if Mi[Ni/z1,..., No/wn]{ for all well-typed terms Ny, ..., Ny
then I' - (case (inr M) of inlz = M, ;inrz = Ms) = M;[M; /2] : 7,
e 'down(upM) =M : 71,
e I'F (M. M)N = M[N/x] : 7o,
e ifx ¢ FV(M) thenI' F Ae:my. Ma = M : 1y — 7o,
o if N[Nl/aslﬁv,. ..y Ny /x, ]| for all well-typed terms Ny, ..., N,
then I' - (A\x:0.M)"N = M[N/z] : T,
e ifz ¢ FV(M) then T+ Azio.M z =M : 0 o T,
e I' - unfold (fold M) = M : T,
e I'+ fold (unfold M) = M : T,
e I'M=M:T,
e ifI'-FM=N:7then 'FN=M:7,
ceifIFM=N:7TandI'FN=P:7then'FM=P:7,
e if’FMy=Ny:71,....,'EM, =N, :7,
then I' = C[M;, ..., M,]| = C[Ny,...,N,] : 7 (for every context C[-,...,-]).

Expressions of the form I' - M = N : 7 that are derived with these
axioms and rules are called equations-in-contexts. Of course, this equation
system is by no means complete (which is actually impossible due to Godel’s
Incompleteness Theorem). However, as we will see in the next section, it is
sound with respect to the operational and denotational semantics of SFL.

5 The interpretation of SFL in SD

The semantics for finite SFL types (i.e. types that do not contain type variables
or recursive types except for void) is the one which is suggested by the choice
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of symbols for the connectives, i.e. [7 ] = [r]L, [o1 ® 02] = [o1] ® [o2],
[o1 @& 02] = [o1] @ [o2], [11 x 7] = [11] X [72] etc. Since the Kripke relations
on type denotations are uniquely determined by the structure of its type,
we do not distinguish between the denotation [7] of an SFL type 7 and its
underlying domain. We also write [7]¢ for the C-Kripke relation corresponding
to [7].

A simple recursive type po.7 is interpreted as fix(F;) where F,: SDT x
SD, — SD, is the mixed variant functor on SD, that is determined by the
structure of 7. The C-Kripke relations on such a bilimits fix(F,) are compo-
nentwise defined. In particular, the type void = pa.« is interpreted as the
terminal object (1,1). This construction works since all type constructing
functors are locally continuous and the embeddings and projections are strict
and uniform.

For nested recursive types like pa.puf.7, we need to consider parameterised
functors. Even if pa.uf.7 is a closed type, 7 may contain two free type
variables o and (3. Therefore, the corresponding functor F has four arguments
for negative and positive occurrences of each type. In the general case, 7
might even contain more free type variables, so we cannot restrict ourselves
to functors with a certain number of arguments. However, it turns out that
not more than four parameters need to be considered at the same time, thus,
we focus on functors with four arguments and keep in mind that there may
be some more. Suppose F,: SDT x SD; x SD? x SD, — SD, is a functor
corresponding to an SFL type 7. As for the category of domains, there is a
locally continuous functor F,z,: SD? x SD; — SD, such that

FMﬂ.T(D_7D+) = FT(D_7D+7FMﬂ.T(D+7D_)7 Fu,@.T(D_aD+)>

holds for each pair of objects D=, DT in SD, . (Recall that the isomorphisms
are given by foldp- p+ and unfoldp- p+.) Hence, nested recursive types can
be interpreted in the same way as simple ones.

Note that the denotation [o] of a computational SFL type o is always an
SSB-object.

Terms in SFL are denotated as terms-in-contexts with respect to their
operational behaviour. If M is a closed SFL term of type 7, we use [M]
as an abbreviation for [&@ F M : 7](Ly). In particular, the denotation of a
fixed point combinator Y, computes the least fixed point of a given function
f: 7] — [r] in SD and the term €2, is interpreted as the bottom element
_L[[T]].

The following proposition is crucial for proving an adequacy result for SFL.

Proposition 5.1 Let M be a closed SFL term with [M] # L. Then M
evaluates to a value.

Using the Substitution Lemma, which can be easily proved by induction, it
is another straightforward induction to verify that [M] = [V] is true if M |} V
holds. On the other hand, Proposition 5.1 implies that the denotation of a
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closed term M of a computational type o is different from L, if M evaluates
to a value. Hence, the following adequacy result follows:

Theorem 5.2 (Computational Adequacy) Let M be a closed SFL term
of type unit. Then M terminates if, and only if, [M] = T holds.

For the full abstraction result we define one particular subcategory C of
SPIC. Tt is essentially the same definition as in [14] and [I8]. An object
[T1, ..., Ty of C consist of the product of the underlying sets of interpretations
of finite SFL types 71, ..., 7, and a sequentiality system defined as

Sp=A{['FM:n®unit] |I' M :n© unit is an SFL term-in-context}

n-times
7\

(where I' = z1:71, . . .,y Ty, 0@ unit = void, n©unit = unit @ - - - B unif).
It can be easily shown that this is indeed a sequentiality system on |7y, ..., 7,].
The morphisms in C are projections m: ([T1,. .., Tut],S) — ([11,..., 7], 5.
Again, it is not difficult to verify that this definition makes C a subcategory
of SPIC.

The key lemma for the Full Abstraction Theorem for SFL is the following:

Lemma 5.3 Let C be the category from above and let f € [1] be an element
of the denotation of a finite SFL type. Then f is related by [7]g if, and only
if, there is a closed SFL term F with [F] = f.

Proof. The idea is to show the following more general claim by induction of
the structure of the type 7.

Let w = (w, S) with w = [g1, ..., 0,] be an object of C, I' = x1:01, ..., Tp:0,
a context and f: [o1,...,0,] — [7] a function. Then f € [7]¥ holds if, and
only if, there is an SFL term F with [I'+ F': 7] = f.

This proves the lemma by choosing w = @. a O

As a consequence of Lemma (5.3 it can be shown that every element in the
denotation of a finite SFL type is definable. Besides, since projections and
embeddings of a bilimit can be defined in SFL as well, this yields definabilitity
of every compact element in the denotation of an arbitrary SFL type. This
fact provides the most important tool to prove the main result of this section:

Theorem 5.4 (Full abstraction) Let M, N be closed terms of the same
type. Then:
[IMJ[CT[N] < MZCgm N

Proof. The “="-part is a consequence of Theorem5.2. For the “<"-direction
we need to generalise the claim in order to deal with free type variables:

Let p be a type variable environment. If, for all type variables oo, M Cgpp
N implies [M] C [N] for all closed SFL terms M, N of type p(«), then
M Cgpr N implies [M] C [N] for all closed SFL terms M, N of type p(7).
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The proof for this is a straigthforward induction using the fact that every type
denotation is an algebraic domain. Thus, M Cgpy, N implies [M] C [N] for
all closed terms M, N of a closed type 7. O O

As a consequence, the equations-in-contexts are correct in the following
sense:

Corollary 5.5 (Soundness) Let ' F M = N : 7 be an SFL equation-in-
context. Then [I' =M : 7] =[['F N : 7] holds.

6 Discussion

The category SD presented in this paper provides an adequate model for
reasoning about sequential computation in the sense that it provides sufficient
relational criteria characterising sequential continuous functions. Admittedly,
the bunch of relations associated with the domains arising as interpretations
of SFL types is fairly large (cardinality of the continuum). That means that
it is not possible to verify whether a given continuous function between two
objects in SD is an SD-morphism. In particular, the exponentials in SD are
not decidable. However, in the light of Loader’s undecidability result for
finite PCF [7], it seems to be unlikely that a substantial improvement can be
achieved as it entails that the additional relational structure has to be infinite.

Recently, the fully abstract model for PCF in the category SD was recon-
structed as a realisability model over the partial combinatory algebra A which
is obtained as the canonical solution of the domain equation A = NG[A — A] |
in SD (see [12]). In particular, for every PCF type o its interpretation in
Mod(A) is isomorphic to the one given by the canonical retraction of A to its
denotation in SD. This result can be refined to a solution of (a variant of) the
Longley-Phoa conjecture in the following way. Let £ be the language associ-
ated to the domain equation for A, i.e. untyped A—calculus with arithmetic,
and let L be the sub-pca of A consisting of those elements of A that can be
denoted by (closed) terms of L. It turns out that the PCF-model in Mod(L)
is obtained as a restriction of the one in Mod(A) by restricting realisers to
L and the elements of the underlying set to those which are realised by ele-
ments of L. Notice that L is a term model as it is isomorphic to Lzp4). One
can show that the choice of Th(A) is irrelevant, i.e. instead of L one might
take L/r for any theory T contained in Th(A) and containing the obvious
conversion rules for £ and it still holds that the PCF-model in Mod(L/7) is
isomorphic to the one in Mod(L).

Among the various open questions to be investigated in the future we just
focus on the following ones. It is desirable to find a fully abstract model for
a polymorphic extension of SFL. In particular this would give rise to a fully
abstract model for the polymorphic lambda calculus over a base type allowing
recursive definitions of objects. Furthermore, such a polymorphic extension
of SFL seems to be needed for obtaining fully abstract models of ALGOL-like
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languages in particular with respect to their concept of local variables.

Another open problem is the integration of the relational and the game-
theoretic account of full abstraction. It might be interesting to give a direct
proof that the relational model of SFL is the extensional collapse of its game
model (in analogy to [3]).
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